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Abstract
Using in situ data, accumulated in the turbulent magnetosheath by the Magnetospheric
Multi-Scale (MMS) Mission, we report the first measurements of magnetic field curva-
ture and discuss its role in the turbulent space plasmas. Consistent with previous sim-
ulation results, the Probability Distribution Function (PDF) of the curvature is shown
to have distinct power-law tails for both high and low value limits. We find that the magnetic-
field-line curvature is intermittently distributed in space. High curvature values reside
near weak magnetic-field regions, while low curvature values are correlated with small
magnitude of the force acting normal to the field lines. This novel statistical character-
ization of magnetic curvature in space plasma provides a starting point for assessing, in
a turbulence context, the applicability and impact of particle energization processes, such
as curvature drift, that rely on this fundamental quantity.
Plain Language Summary
Magnetic fields are observed everywhere in the universe; ranging from the core re-
gion of some planets and most stars, to the solar wind, and other astrophysical systems.
Most of these systems are in highly turbulent state. The magnetic field in these turbu-
lent systems are twisted and stretched randomly in a complex manner. The quantity,
curvature, measures how sharply the magnetic fields are “bent”. Curvature is important
for studying how charged particles are accelerated and how energy is dissipated in tur-
bulent plasmas. These fast charged particles can be harmful for the spacecraft and on-
board astronauts. Energy dissipation, on the other hand, directly controls the electro-
magnetic environment of Earth’s magnetosphere and therefore, controlling the space weather.
We investigate, in a statistical way, the magnetic-field curvature from in situ measure-
ment by the National Aeronautics and Space Administration’s Magnetospheric Multi-
scale spacecraft. We find that, using simple theoretical arguments along with the guid-
ance of numerical simulations, we are able to closely predict the statistical behavior of
magnetic field curvature in these turbulent systems.
1 Introduction
The curvature of the magnetic field enters in numerous important ways in electro-
dynamics (Petschek, 1964) and plasma physics (Boozer, 2005), representing one of the
principle ways that magnetic fields interact with matter. Curvature plays a key role in
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magnetic reconnection (Petschek, 1964), stability of magnetic confinement (Dobrott et
al., 1977), in magnetospheric physics and space physics (Hameiri et al., 1991), and in par-
ticle heating and acceleration (Jokipii, 1982; Pesses et al., 1981; Dahlin et al., 2014). Usu-
ally, curvature is studied with regard to specific magnetic configurations. For example,
stability with respect to ballooning modes requires favorable curvature that is antipar-
allel to the pressure gradients (Boozer, 2005). Similarly, the large curvature of field lines
in reconnection exhausts gives rise to relaxation towards a less stressed state, leading to
electron energization by curvature drift acceleration (Dahlin et al., 2014). Magnetic-field
curvature has been useful for detecting helical field configuration of flux ropes from in
situ measurements (Slavin et al., 2003; Shen et al., 2007; Sun et al., 2019).
Recently, the curvature of magnetic field lines has been studied in the magneto-
hydrodynamic (MHD) model of plasma turbulence (Yang et al., 2019). In the case of tur-
bulence, it is impractical to study curvature of individual field lines and one may resort
to a statistical approach, as is typical in studies of turbulence (Monin & Yaglom, 1971).
In these simulations, one finds interesting properties such as a distribution of curvature
that exhibits two power-law regimes, and a systematic anticorrelation of curvature with
magnetic field strength, for low values of magnetic field strength. Here, we extend this
statistical examination of magnetic curvature by analysis of in situ satellite observations
in the terrestrial magnetosheath. We employ Magnetospheric Multiscale (MMS) data
that reveal distributions and correlations that are consistent with, and in fact very sim-
ilar to, those observed in the MHD simulations (Yang et al., 2019). These results con-
firm the theoretical model given in Yang et al. (2019), opening the door to new appli-
cations such as curvature drift acceleration in turbulence as well as the possible role of
local explosive instabilities in turbulence.
2 Theory and Method
The curvature κ of magnetic field B is defined as
κ = |b · ∇b|, (1)
where b = B/B and B = |B|. It can be expressed also in the form
κ =
|b× (B · ∇B)|
B2
=
fn
B2
, (2)
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where fn = |b×(B·∇B)| is the magnitude of the tension force (per unit volume) act-
ing normal to the field lines. In the curvilinear coordinate attached to a field line, traced
by a trajectory γ(s), the scalar s is a coordinate along the field line, while et =
dγ
ds /|dγds | =
b and en =
d2γ
ds2 /|d
2γ
ds2 | are the unit vectors in the tangential and normal directions along
the field line, respectively. Then
B · ∇B = (Bet) · ∇(Bet) = B∂(Bet)
∂s
= B
∂B
∂s
et − κB2en. (3)
Equation (2) follows directly from equation (3).
It is shown in the following section that high curvature values are well associated
with weak magnetic field. In contrast, low curvature values mainly result from small nor-
mal force, more so than from large values of magnetic field. These findings point the way
to explain the power-law tails in the curvature distribution in both the high value range,
and the low value range, reasoning as follows (Yang et al., 2019).
First, let us consider the low value range. Noting that the normal force is two-dimensional,
we write its cartesian components as f1 and f2, and then assume that these are inde-
pendent Gaussian random variables. This should be a reasonable approximation for small
values of fn =
√
f21 + f
2
2 . Then the PDFs of f1 and f2 may be written as
Pf1(f) = Pf2(f) =
1√
2piσ21
e
− f2
2σ2
1 , (4)
where, f denotes the vale of either f1 or f2 at the point of interest, and σ
2
1 is the vari-
ance. The quantity f2n/σ
2
1 = (f
2
1 +f
2
2 )/σ
2
1 should then be distributed according to the
chi-squared distribution with 2 degrees of freedom. The corresponding PDF of fn at small
values (i.e. fn → 0) is
Pfn(f) =
f
σ21
e
− f2
2σ2
1 . (5)
Here, f represents the value of the variable fn. Since κ = fnB
−2 and low curvature κ
is determined by the scaling behavior of small normal force fn, the PDF of curvature
as κ→ 0 can be written as
Pκ(κ
′) = B2Pfn(κ
′B2) =
B4κ′
σ21
e
−B4κ′2
2σ2
1 . (6)
Here, κ′ is the value of the variable κ. Let us assume that B is finite in this limit, which
could be replaced with Brms in equation (6). Then the Taylor series of the PDF around
κ′ = 0 is
B4
σ21
(
κ′ − B
4
2σ21
κ′3 + · · ·
)
. (7)
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The higher-degree terms are much smaller as κ′ → 0, so we retain only the lowest or-
der term, and obtain
Pκ→0(κ′) ∼ κ′1. (8)
In a similar way, we can explain the power-law tail of the PDF for high curvature
values. In isotropic turbulence, we suppose that x, y, and z components of magnetic fluc-
tuations are independent Gaussian random variables. Then
Bx, By, Bz ∼ N (0, σ22), (9)
where N (0, σ22) denotes the normal distribution with mean 0 and variance σ22 . The quan-
tity B2/σ22 = (B
2
x +B
2
y +B
2
z )/σ
2
2 , therefore, follows the chi-squared distribution with
3 degrees of freedom. The corresponding PDF of B2 is
PB2(b
′) =
√
b′
(2σ22)
3/2 Γ(3/2)
e
− b′
2σ2
2 , (10)
where, b′ represents the value of B2 at the point of interest, and Γ is the gamma func-
tion. Since κ = fnB
−2 and high curvature κ is determined by the scaling behavior of
weak magnetic field B2, the PDF of curvature as κ→∞ can be written as
Pκ(κ
′) =
fn
κ′2
PB2
(
fn
κ′
)
=
f
3/2
n κ′
−5/2
(2σ22)
3/2 Γ(3/2)
e
− fn
2σ2
2
y . (11)
Again, κ′ is the value of the variable κ. In analogy to the prior case, we assume that fn
remains finite in this limit, and replace the associated value with the average 〈fn〉 in equa-
tion (11). Then the Taylor series for the PDF about 1/κ′ = 0 becomes,
f
3/2
n
(2σ22)
3/2 Γ(3/2)
(
κ′−5/2 − fn
2σ22
κ′−7/2 + · · ·
)
. (12)
It follows that in the limit as κ′ →∞, i.e. 1/κ′ → 0, the curvature PDF scales as
Pκ→∞(κ′) ∼ κ′−5/2. (13)
Previously (Yang et al., 2019), the above reasoning was found to explain the behavior
of the distributions of curvature in three dimensional, isotropic, MHD simulations. We
now extend this inquiry to the case of a naturally occurring space plasma, the turbulent
magnetosheath.
Below, we use four-spacecraft linear estimates of gradient, similar to the “curlome-
ter” method (Dunlop et al., 1988; Paschmann & Daly, 1998) to calculate ∇b. Then a
dot product with b yields the curvature κ = |b·∇b|. In section 3, we use this approach
to analyze the statistical properties of the curvature field using MMS observations, in-
cluding the accuracy of the above scaling arguments.
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Figure 1. Overview of the MMS observations in turbulent magnetosheath selected for this
study. The data shown are from the FGM and FPI instruments on-board the MMS1 space-
craft. Panel (a) shows the magnetic field measurements in GSE coordinates. Panel (b) shows
the electron density. Panel (c) shows the ion velocity in GSE coordinates. Panel (d) shows the
curvature calculated (approximately using a curlometer-like method) from the magnetic field (see
equation (1) ).
3 MMS Observations
MMS consists of four identical spacecraft orbiting the Earth, for the chosen period,
in a tetrahedral formation with small (∼ 10 km) separation. The four MMS spacecraft
sample the near-Earth plasma including the magnetosheath (Burch et al., 2016). The
Fast Plasma Investigation (FPI) (Pollock et al., 2016) instrument calculates the proton
and electron three dimensional velocity distribution functions (VDF) and the Flux-Gate
Magnetometer (FGM) (Russell et al., 2016) measures the vector magnetic field.
In burst mode, the Dual Ion Spectrometer (DIS) and the Dual Electron Spectrom-
eter (DES) in FPI/MMS measure the ion and electron VDF at cadence of 150 ms and
30 ms, respectively. Plasma moments are calculated from each VDF at the correspond-
ing time resolution. The time resolution of the FGM magnetic field is 128 Hz in burst
mode.
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Table 1. Description of MMS Dataset from 06:12:43 to 06:52:23 UTC on 26 December 2017.
The quantities are defined in the text.
δρ/〈ρ〉 |〈B〉| Brms/|〈B〉| ∆ di de |〈V〉| VA βp
(nT) (km) (km) (km) (km s−1) (km s−1)
0.11 19.2 0.3 27 47 1.06 238 97 4.4
To cover a large statistical sample of the turbulent plasma in the magnetosheath,
here we focus on one long MMS burst-mode interval between 06:12:43 and 06:52:23 UTC
on 26 December 2017. A time series plot of the selected interval is shown in figure 1. The
FGM magnetic field components, in geocentric solar ecliptic (GSE) coordinate system (Franz
& Harper, 2002), are shown in panel (a). The magnetic field components exhibit large-
amplitude fluctuations which is typical for magnetosheath plasma. The electron density
estimates are often more accurate than the ion density in the magnetosheath due to higher
thermal speed. Panel (b) plots the electron density, obtained from the FPI/DES distri-
butions. The three GSE components of the ion velocity components, measured by FPI/DIS,
are plotted in panel (c). The final panel (d), shows the time series of the curvature field,
derived from the magnetic field by a finite difference curlometer-like method (see Sec-
tion 2). The curvature values are observed to be highly intermittent with thin “spikes”
distributed during the whole interval that suggest the presence of sheet-like structures.
Several important plasma parameters of the selected MMS interval are reported
in table 1, including the ratio of root-mean-square (rms) fluctuation amplitude of the
mass density (δρ) to the mean density (〈ρ〉), mean magnetic field (|〈B〉|), ratio of rms
fluctuation amplitude of the magnetic field (Brms) to the mean magnetic field, average
spacecraft separation (∆), ion-inertial length (di), electron-inertial length (de), mean flow
speed (|〈V〉|), mean Alfve´n speed (VA), and the average plasma beta (βp). The rms fluc-
tuation amplitude is defined as Brms =
√〈|B(t)− 〈B〉|2〉. The density fluctuation am-
plitude is similarly defined. Note that the density fluctuations are rather low, compa-
rable to the typical values observed in the interplanetary solar wind. The spacecraft sep-
arations are much smaller than the ion-inertial length. Although we do not use Taylor’s
hypothesis for this study, the flow speed is greater than the Alfve´n speed here.
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Figure 2. PDF of the magnetic field curvature κ normalized to its rms value κrms.
slope = -1
slope = 1
Figure 3. Joint PDFs of curvature κ and (left panel): the square of magnetic field magni-
tude B2, and (right panel): the magnitude of the force |fn| acting normal to the field lines. All
quantities are normalized to their respective rms values.
The main quantitative observational result of this study is contained in Fig. 2, which
shows the probability distribution function of the curvature. As far as we are aware, this
is the first such observational analysis of magnetic curvature in a space plasma.
The probability distribution function shown in figure 2, exhibits two distinct pow-
erlaw regimes: at low values of the curvature field, its distribution scales as κ+1, while
at high curvature values the distribution behaves as κ−2.5. This is remarkably similar
to the empirical and theoretical findings of Yang et al. (2019).
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Figure 4. Time series of the curvature field, in thin red line, superposed on the magnetic-field
magnitude, in thick blue line, for a subinterval of the whole magnetosheath interval.
To further clarify the statistics of the magnetic curvature, Figure 3 shows the joint
distributions of curvature and squared magnetic field magnitude, and curvature and nor-
mal force. The relationship between curvature and regions of weak magnetic field is cor-
roborated by the former. This is consistent with the intuition that weak magnetic fields
are easier to bend, and leads to the above-described κ+1 curvature distribution in the
low magnetic field regime. Similarly the positive correlation between curvature and nor-
mal force per unit volume, seen in Figure 3 panel (b), supports the reasoning that leads
to the κ−2.5 behavior of the κ distribution at large values.
As a final, direct observational diagnostic, in Figure 4 we show a small sample of
the time series that illustrates how large curvature regions are often localized in regions
in which the magnetic field strength is low. Indeed, in Figure 4 one observes several peaks
in curvature values that are contemporaneous with sharp drops in the magnetic field strength.
For clarity, only a small subinterval of the whole magnetosheath intervals is shown.
4 Discussion
Employing the unique capabilities of the Magnetospheric Multiscale mission, we
have studied the statistical properties of the curvature of the magnetic field measured
in the terrestrial magnetosheath by the FGM instrument onboard each of the four space-
craft. The dataset employed is a long, 40 minute duration, burst mode interval in the
terrestrial magnetosheath. This determination of the statistical character of the mag-
netic curvature is the first of its kind in a space plasma, as far as we are aware.
–9–
manuscript submitted to
We find two powerlaw regimes in the distribution of values of curvature: a κ+1 regime
at low κ, and a κ−2.5 regime at large κ. We also find an anticorrelation of curvature and
magnetic field strength at low magnetic field strength, and a positive correlation of cur-
vature and normal force per unit volume at large values of the force. All of these results
are qualitatively consistent with the findings of Yang et al. (2019), based on MHD sim-
ulations. What is more remarkable is the degree of quantitative agreement of the present
observations with the MHD results. The simple theory outlined here, clearly is adequate
to explain the two powerlaw ranges in the curvature that are seen in both simulations
and observations.
One possibility that presents itself is that these results may be applicable to tur-
bulent magnetic fields in other venues including other heliospheric environments and per-
haps in astrophysical contexts as well. We note that, in order to derive the power-law
scalings, equations (8) and (13), we assume that the magnetic field components are isotrop-
ically distributed. Real systems are never perfectly isotropic at any length scale, but the
magnetosheath conditions are rather close to isotropy with a weak DC field (see figure 1
and table 1). Extending the present study to other plasma systems, e.g., solar wind, mag-
netotail, magnetosphere, etc., would require appropriate modification to the derivation,
although the basic arguments are expected to remain unchanged. Independent confir-
mation from other simulations, laboratory experiments, as well as other observations,
if available, is called for. To the extent that these results are robust, at least one ma-
jor theoretical application is suggested. Specifically, curvature drift acceleration theory
(e.g., (Hoshino et al., 2001; Dahlin et al., 2014; Guo et al., 2015)), has apparently been
very successful in explaining electron energization in individual magnetic reconnection
events. Since this theory depends explicitly on κ, one would expect that an immediate
extension based on the present results would be to include a statistical distribution of
curvature values, to develop a curvature drift energization mechanism appropriate to mag-
netized plasma turbulence.
Acknowledgments
This research was partially supported by NASA under the Magnetospheric Multiscale
Mission (MMS) Theory and Modeling program grant NNX14AC39G and by NASA He-
liospheric Supporting Research Grant NNX17AB79G. We would like to acknowledge the
assistance of the MMS instrument teams, especially FPI and FIELDS, in preparing the
–10–
manuscript submitted to
data, as well as the work done by the MMS Science Data Center (SDC). The data used
in this work are Level 2 FIELDS data products, in cooperation with the instrument teams
and in accordance with their guidelines. All MMS data used in this study are publicly
available at the MMS Science Data Center (https://lasp.colorado.edu/mms/sdc/public/).
References
Boozer, A. H. (2005, Jan). Physics of magnetically confined plasmas. Review of
Modern Physics, 76 , 1071–1141. doi: 10.1103/RevModPhys.76.1071
Burch, J. L., Moore, T. E., Torbert, R. B., & Giles, B. L. (2016, Mar 01). Mag-
netospheric multiscale overview and science objectives. Space Science Reviews,
199 (1), 5–21. Retrieved from https://doi.org/10.1007/s11214-015-0164-9
doi: 10.1007/s11214-015-0164-9
Dahlin, J. T., Drake, J. F., & Swisdak, M. (2014). The mechanisms of electron heat-
ing and acceleration during magnetic reconnection. Physics of Plasmas, 21 (9),
092304. doi: 10.1063/1.4894484
Dobrott, D., Nelson, D. B., Greene, J. M., Glasser, A. H., Chance, M. S., &
Frieman, E. A. (1977, Oct). Theory of ballooning modes in toka-
maks with finite shear. Physical Review Letter , 39 , 943–946. Retrieved
from https://link.aps.org/doi/10.1103/PhysRevLett.39.943 doi:
10.1103/PhysRevLett.39.943
Dunlop, M., Southwood, D., Glassmeier, K.-H., & Neubauer, F. (1988). Analy-
sis of multipoint magnetometer data. Advances in Space Research, 8 (9), 273-
277. Retrieved from http://www.sciencedirect.com/science/article/pii/
027311778890141X doi: https://doi.org/10.1016/0273-1177(88)90141-X
Franz, M., & Harper, D. (2002). Heliospheric coordinate systems. Plane-
tary and Space Science, 50 (2), 217-233. doi: https://doi.org/10.1016/
S0032-0633(01)00119-2
Hameiri, E., Laurence, P., & Mond, M. (1991). The ballooning instability in space
plasmas. Journal of Geophysical Research: Space Physics, 96 (A2), 1513–1526.
doi: 10.1029/90JA02100
Guo, F., Liu, Y.-H., Daughton, W., & Li, H. (2015, jun). Particle accelera-
tion and plasma dynamics during magnetic reconnection in the magnet-
ically dominated regime. The Astrophysical Journal , 806 (2), 167. doi:
–11–
manuscript submitted to
10.1088/0004-637x/806/2/167
Hoshino, M., Mukai, T., Terasawa, T., & Shinohara, I. (2001). Suprathermal
electron acceleration in magnetic reconnection. Journal of Geophysical Re-
search: Space Physics, 106 (A11), 25979-25997. Retrieved from https://
agupubs.onlinelibrary.wiley.com/doi/abs/10.1029/2001JA900052 doi:
10.1029/2001JA900052
Jokipii, J. R. (1982). Particle drift, diffusion, and acceleration at shocks. Astrophysi-
cal Journal .
Monin, A. S., & Yaglom, A. M. (1971). Statistical fluid mechanics, vol. 1. Cam-
bridge, Mass.: MIT Press.
Paschmann, G., & Daly, P. W. (1998). Analysis methods for multi-spacecraft data.
issi scientific reports series sr-001, esa/issi, vol. 1. isbn 1608-280x, 1998. ISSI
Scientific Reports Series, 1 . Retrieved from http://hdl.handle.net/11858/
00-001M-0000-0014-D93A-D
Pesses, M. E., Eichler, D., & Jokipii, J. R. (1981). Cosmic ray drift, shock wave
acceleration, and the anomalous component of cosmic rays. The Astrophysical
Journal Letters.
Petschek, H. E. (1964). Magnetic field annihilation. In W. N. Hess (Ed.), Physics of
solar flares (pp. 425–439). Washington, DC.
Pollock, C., Moore, T., Jacques, A., Burch, J., Gliese, U., Saito, Y., . . . Zeuch, M.
(2016, Mar 01). Fast plasma investigation for magnetospheric multiscale.
Space Science Reviews, 199 (1), 331–406. Retrieved from https://doi.org/
10.1007/s11214-016-0245-4 doi: 10.1007/s11214-016-0245-4
Russell, C. T., Anderson, B. J., Baumjohann, W., Bromund, K. R., Dearborn,
D., Fischer, D., . . . Richter, I. (2016, Mar 01). The magnetospheric mul-
tiscale magnetometers. Space Science Reviews, 199 (1), 189–256. Re-
trieved from https://doi.org/10.1007/s11214-014-0057-3 doi:
10.1007/s11214-014-0057-3
Shen, C., Li, X., Dunlop, M., Shi, Q. Q., Liu, Z. X., Lucek, E., & Chen, Z. Q.
(2007). Magnetic field rotation analysis and the applications. Journal of
Geophysical Research: Space Physics, 112 (A6). doi: 10.1029/2005JA011584
Slavin, J. A., Lepping, R. P., Gjerloev, J., Fairfield, D. H., Hesse, M., Owen, C. J.,
. . . Mukai, T. (2003). Geotail observations of magnetic flux ropes in the
–12–
manuscript submitted to
plasma sheet. Journal of Geophysical Research: Space Physics, 108 (A1), SMP
10-1-SMP 10-18. doi: 10.1029/2002JA009557
Sun, W. J., Slavin, J. A., Tian, A. M., Bai, S. C., Poh, G. K., Akhavan-Tafti, M.,
. . . Burch, J. L. (2019). Mms study of the structure of ion-scale flux ropes in
the earth’s cross-tail current sheet. Geophysical Research Letters, 0 (0). doi:
10.1029/2019GL083301
Yang, Y., Wan, M., Matthaeus, W. H., Shi, Y., Parashar, T. N., Lu, Q., & Chen,
S. (2019, Apr). Role of magnetic field curvature in magnetohydrodynamic
turbulence. arXiv e-prints, arXiv:1904.08284.
–13–
